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Quantum sensors have the potential to outperform their classical counterparts. For classical sensing, the
uncertainty of the estimation of the target fields scales inversely with the square root of the measurement time
T. On the other hand, by using quantum resources, we can reduce this scaling of the uncertainty with time to
1/T . However, as quantum states are susceptible to dephasing, it has not been clear whether we can achieve
sensitivities with a scaling of 1/T for a measurement time longer than the coherence time. Here, we propose a
scheme that estimates the amplitude of globally applied fields with the uncertainty of 1/T for an arbitrary time
scale under the effect of dephasing. We use one-way quantum computing based teleportation between qubits to
prevent any increase in the correlation between the quantum state and its local environment from building up
and have shown that such a teleportation protocol can suppress the local dephasing while the information from
the target fields keeps growing. Our method has the potential to realize a quantum sensor with a sensitivity far
beyond that of any classical sensor.
It is well known that two-level systems are attractive can-
didates with which to realize ultrasensitive sensors as the fre-
quency of the qubit can be shifted by coupling it to a target
field. Such a frequency shift induces a relative phase be-
tween the qubits basis states which can be simply measured
in a Ramsey type experiment. This method has been used
to measure magnetic fields, electric fields, and temperature.
[1–4]. With the typical classical sensor measurement devices
(including SQUID’s [5], Hall sensors [6], and force sensors
[7]), the uncertainty in the estimation of the target fields scales
as 1/
√
T with a total measurement time T . This scaling is
considered classical [8]. With a qubit-based sensor using
a Ramsey type measurement, the readout signal is periodic
against the amplitude of the target fields. So, unless the range
of the target fields is known, the interaction time with the tar-
get fields should be limited, which reduces the sensitivity. In
this case, the sensitivity decreases as 1/t
√
N by performing
N repetitions with a short sensing time t. This sensitivity can
be rewritten as 1/
√
T t if fast qubit control is available. Al-
though one could achieve the uncertainty with 1/T by setting
t = T with the knowledge of the target field range, a dynamic
range, which allows us to estimate the fields unambiguously,
becomes small due to the periodic structure of the readout sig-
nal. Fortunately, there is an ingenious way to improve the dy-
namic range by using a feedback control of the qubit [9, 10].
Actually, several experimental demonstrations have shown a
sensitivity that scales as 1/T with the high-dynamic range
[10, 11]. However, as quantum states are susceptible to de-
coherence, it has generally been considered that such a scal-
ing 1/T can only be realized if the measurement time T is
much shorter than the coherence time [9, 12]. Recently sev-
eral approaches have been proposed and demonstrated that
use quantum error correction [13] and dynamical decoupling
[14–16] to circumvent this limitation. Using quantum error
correction, we can measure the amplitude of the target field
with an uncertainty scaling as 1/T under the effect of spe-
cific decoherence such as bit flip errors [17–23], while dynam-
ical decoupling makes it possible to estimate the frequency
of time-oscillating fields with sensitivity beyond the classical
limit on time scale longer than the coherence time [24, 25].
However, there is currently no known metrological scheme to
achieve with an uncertainty of 1/T when measuring the am-
plitude of target fields with dephasing.
In this letter, we propose a scheme for measuring the am-
plitude of target fields with an uncertainty of 1/T under the
effect of dephasing. We will use a similar concept to the quan-
tum Zeno effect (QZE) [26–28]. For shorter time scales than
the correlation time of the environment τc, the interaction with
the environment induces a quadratic decay rate that is much
slower than the typical exponential decay [29]. Frequent mea-
surements can be used to reset the correlation with the en-
vironment and so keep this state in the initial quadratic de-
cay region, which suppresses the decoherence [26–28]. How-
ever, if we naively apply the QZE to quantum metrology, the
frequent measurements freeze all the dynamics so that the
quantum states cannot acquire any information from the target
fields. Instead, we use quantum teleportation (QT) based on
concepts taken from one-way quantum computation [30–34]
to reset the correlation between the system and the environ-
ment [35]. If we transfer the quantum states to a new site, we
can prevent any increase in the correlation between the sys-
tem and environment in the previous site, and the quantum
state are then only affected by a slow quadratic decay due to
the local environment in the new site. This noise suppression
with a qubit motion using a concept drawn from QT has been
proposed and demonstrated by using superconducting qubits
[35]. The crucial idea in this paper is to use this one-qubit
teleportation-based noise suppression for quantummetrology.
Interestingly, although the QT protocol eliminates the dete-
rioration effect caused by the dephasing from the local envi-
ronment, we can accumulate the phase information from the
global target fields during this protocol. We have shown that,
as long as nearly perfect QT is available, we can achieve a sen-
sor with the uncertainty scaling 1/T with dephasing. More-
2over, we have found that, even when the QT is moderately
noisy, the sensitivity of our protocol is superior to that of the
standard Ramsey measurement.
Noise and its suppression.– Our system and the environ-
ment in this situation can be described by a Hamiltonian of the
formH = HS +HI +HE [49] where HS =
∑L
j=1
ω
2 σ
(j)
z ⊗
1
(j)
E (HE =
∑L
j=1 1
(j)
S ⊗ Cj ) denotes the system (environ-
mental) Hamiltonian while HI =
∑L
j=1 λσ
(j)
z ⊗ Bj denotes
the interaction between the system and the environment. Here
σ
(j)
z is the usual Pauli Z operator of the j-th qubit with fre-
quency ω, while Bj and Cj denote the environmental opera-
tor at that j-th site. 1ˆ
(j)
S (1ˆ
(j)
E ) denotes an identity operator
for the system (environment). Furthermore, we set ~ = 1. In
an interaction picture, we haveHI(t) = λ
∑L
j=1 σ
(j)
z ⊗ B˜j(t)
where B˜j(t) = e
iHEtBje
−iHEt. The separable initial state is
given as ρ(0) =
⊗L
j=1(ρ
(j)
S (0) ⊗ ρ(j)E ). where we have as-
sumed ρ
(j)
E is in thermal equilibrium ([ρ
(j)
E , HE] = 0) and our
noise is non-biased (Tr[ρ
(j)
E Bj ] = 0) for all j. If the initial
state is separable, we consider the first site by tracing out the
others. Solving Schrodinger’s equation gives
ρ
(1)
I (τ) ≃ ρ(1)(0)− iλ
∫ τ
0
dt′[σ(1)z ⊗ B˜1(t′), ρ(1)(0)]
−λ2
∫ τ
0
∫ t′
0
dt′dt′′[σ(1)z ⊗ B˜1(t′), [σ(1)z ⊗ B˜1(t′′), ρ(1)(0)]]
using a second order perturbation expansion in λ [49]. Tracing
out the environment, we have
ρ
(1)
S (τ) ≃ ρ(1)S (0)
−λ2
∫ τ
0
∫ t′
0
dt′dt′′C(1)t′−t′′
[
σˆ(1)z ,
[
σˆ(1)z , ρ
(1)
S (0)
]]
where we define the correlation function of the environment
as C
(1)
t′−t′′ ≡ 12Tr[(B˜1(t′)B˜1(t′′) + B˜1(t′′)B˜1(t′))ρ
(1)
E ]. If we
are interested in a time scale much shorter than the correla-
tion time of the environment, we can approximate the corre-
lation function as C
(1)
t′−t′′ ≃ C(1)0 . For most solid state sys-
tems, this is readily satisfied as the environment correlation
time is much longer than the coherence time of the qubit [54–
57], and so this condition is readily satisfied for many sys-
tems. In such a case ρ
(1)
S (τ) ≃ (1 − ǫτ )U1,τρ(1)S (0)U †1,τ +
ǫτ σˆ
(1)
z U1,τρ
(1)
S (0)U
†
1,τσ
(1)
z with Uj,τ = e
−iωτσˆ(j)z /2 specify-
ing the unitary operator for a site j and ǫτ = λ
2C0τ
2 denot-
ing the error rate for λ2C0τ
2 ≪ 1. Since the error rate has
a quadratic form in time t, the decoherence effect is negligi-
ble for short time scales t ≪ 1/λ√C0. This has been dis-
cussed in the field of the QZE [26–28]. On the other hand, if
we consider longer time scales of t > 1/λ
√
C0 with the same
environment, error accumulation will destroy the quantum co-
herence of the qubit.
Let us now describe the noise suppression technique us-
ing QT. It begins with free evolution of the qubit for a time
τ = t/n (where t is the total time and n is the number of
times QT is to be performed). After this, QT transports ρ
(1)
S
to site 2. The quantum state starts interacting with a new local
environment described by a density matrix ρ
(2)
E . The error rate
will be suppressed due to the quadratic decay [35]. Perform-
ing QT n times (each time to a fresh qubit) yields ρ
(n)
S (t) ≃
(1 − λ2C0t2n )Un,tρS(0)U †n,t + λ
2C0t
2
n σˆzU
†
n,tρS(0)U
†
n,tσz at
site n. For a large n this approaches the pure state ρS(t) ≃
Un,tρS(0)U
†
n,t, and so our approach can suppress dephasing.
Definition of parameters.–Here, we discuss the key param-
eters that we will use in our scheme. We define L and M
as the total number of the probe qubits and the size of the
entangled state. In our scheme, there are three time scales,
τ ≪ t ≪ T . The interaction time between teleportations
is denoted τ . This interaction is repeated n times between
the state preparation and measurement, giving a total time
denoted t = nτ . The whole procedure including prepa-
ration and measurement is repeated N times, giving a to-
tal interaction time T . As regards the dephasing model,
although our general approach described above uses a per-
turbative analysis typically valid for a short time scale, we
need to examine the dynamics of our system for arbitrary
time scales. So we will consider a more specific noise model
that is given by Eˆj(ρ(j)S (τ)) = 1+e
−γ2τ2
2 Uj,τρ
(j)
S (0)U
†
j,τ +
1−e−γ2τ2
2 σˆ
(j)
z Uj,τρ
(j)
S (0)U
†
j,τσ
(j)
z at the site j during the evo-
lution for a time τ = t/n (with γ representing the dephas-
ing rate). This model is consistent with the general results
described above when we choose γ =
√
2λ2C0 (See the
supplementary materials). Typical dephasing models [53–56]
show this behavior if the correlation time of the environment
is much longer than the dephasing time. If we consider a state
ρ composed of M qubits, the noise channel during the time
evolution of τ is described as Eˆ1Eˆ2 · · · EˆM (ρ). We consider
GHZ states |ψ(GHZ)〉 = 1√
2
[⊗M
j=1 |0〉j +
⊗M
j=1 |1〉j
]
as a
metrological resource [8, 47, 48]. For a given L qubits, we
create GHZ states with a size ofM qubits, and the number of
the GHZ states is L/M . In realistic situations, there will be
errors caused during the QT operations, and so we consider an
imperfect QT. If we teleport a state ρ1 from j = 1, 2, · · · ,M
sites to j′ = 1 +M, 2 +M, · · · , 2M sites, we obtain a state
of ρ′2 = (1 − p)Mρ2 + (1− (1− p)M )ρ(error)2 where p is the
error rate on a single qubit, ρ2 is the ideal state (that we could
obtain by a perfect QT), and ρ
(error)
2 =
1
2 (
⊗2M
j=1+M |0〉j〈0|+⊗2M
j=1+M |1〉j〈1|) is the dephased state.
Quantum metrology with QT.– Here, we focus on using the
QT scheme to enable quantum metrology with an uncertainty
scaling as 1/T . Consider the situation in which the qubit fre-
quency ω is shifted depending on the amplitude of the target
fields, and so measurement of the qubit’s frequency shift al-
lows us to infer the amplitude of the target field. Such a qubit
frequency shift is estimated from the relative phase between
quantum states. The key idea is to use the QT in a ring ar-
rangement with 2L qubits where each qubit has a tunable in-
3General form of sensitivity Perfect QT Short T imperfect QT Long T imperfect QT
Entangled sensor δω ≃ Exp[Mγ2t2/n]
(1−p)M(n−1)
√
MLTt
δω ≃ Exp[1/4]
T
√
ML
δω ≃ Exp[1/4]
T
√
ML
for T ≪ 1√
pγM
δω ≃ 2 34
√
e
√
pγ
TL
for T ≫ 1√
pγM
Separable sensor δω ≃ Exp[γ2t2/n]
(1−p)(n−1)
√
LTt
δω ≃ Exp[1/4]
T
√
L
δω ≃ Exp[1/4]
T
√
L
for T ≪ 1√
pγ
δω ≃ 2
√
e
√
pγ
TL
for T ≫ 1√
pγ
TABLE I: Performance of our teleportation based scheme with L qubits for a given time T . Except with the general form, we show optimized
sensitivity by choosing a suitable interaction time (t) and the QT number (n). The uncertainty of the standard Ramsey scheme is given as
δωR = e
1/4√γ/
√
TL. With imperfect quantum teleportation that has an error rate of p, we can achieve a sensitivity scaling as 1/T using
separable states (entangled states with a sizeM ) for a short time scale of T ≪ 1/√pγ (T ≪ 1/√pγM ). For a longer time scale, if accurate
quantum teleportation is available (p≪ 1), the sensitivity of our scheme can be still better than the sensitivity of the standard Ramsey scheme.
It is worth mentioning that, for the general form, perfect QT, and short T imperfect QT, the sensitivity of the separable sensor can be simply
obtained by settingM = 1 in that of the entangled sensor.
teraction with another qubit. Half of the qubits are used to
probe the target fields while the remaining qubits are used as
an ancilla for QT. The QT is accomplished by implementing a
control-phase gate between a probe qubit and an ancilla qubit,
followed by a σˆx measurement on the probe qubit (and sin-
gle qubit corrections depending on the measurement result).
This QT approach has been widely used in one-way quantum
computation [30, 42].
Scheme with entanglement.–Our scheme for measuring the
amplitude of the target fields is as follows: First, we prepare
GHZ states of
⊗ L
M−1
k=0 |ψ(GHZ)k 〉 between the probe qubits
where |ψ(GHZ)k 〉 = 1√2
[⊗M+2kM
j=1+2kM |0〉j +
⊗M+2kM
j=1+2kM |1〉j
]
for k = 0, 1, · · · , ( LM − 1), while the other qubits (which we
call ancillary qubits) are prepared in |0〉. Second we let the
state evolve for time τ = t/n and then teleport the state of the
probe qubit at the site j to another site j + M . We assume
that our gate operations are much faster than τ . Third, we re-
peat the second step (n − 1) times, while in the fourth step
we let this state evolve for time τ = tn , and readout the states.
Finally, we repeat these steps N times during time T where
N ≃ T/t is the repetition number.
We derive the sensitivity using imperfect QT and entangle-
ment with general conditions, and subsequently discuss spe-
cial cases. By letting the GHZ states |ψ(GHZ)k 〉 evolve with
low-frequency dephasing for time τ , we have
ρk(τ) =
1
2
(
M+2kM⊗
j=1+2kM
|0〉j〈0|+
M+2kM⊗
j=1+2kM
|1〉j〈0|e−iMωτ−Mγ
2t2
+
M+2kM⊗
j=1+2kM
|0〉j〈1|eiMωτ−Mγ
2τ2 +
M+2kM⊗
j=1+2kM
|1〉j〈1|)
for k = 0, 1, · · · , ( LM − 1) where γ denotes the dephasing
rate for a single qubit. If we use the QT many times, we
can suppress the low-frequency dephasing by employing the
mechanism that we described before. To readout the GHZ
states, we measure a projection operator defined by Pˆ(k)± =
|ψ(±)⊥ 〉k〈ψ(±)⊥ | where |ψ(±)⊥ 〉k = 1√2
⊗M+2kM
j=1+2kM |0〉j ±
i 1√
2
⊗M+2kM
j=1+2kM |1〉j . We can then estimate the sensitivity in
this situation as
δω
(GHZ)
n,t,M =
√
〈δPˆ±δPˆ±〉
|d〈Pˆ±〉/dω|
√
N
=
eMγ
2t2/n
(1− p)M(n−1)√MLTt (1)
where δPˆ = Pˆ − 〈Pˆ〉 and N ≃ TL/tM . From this general
formula, we can derive many special cases by substituting pa-
rameters, which we will describe below. Also, a summary of
these results is shown in Table I. By setting n = 1, we can re-
produce the results discussed in [43–46] for an entanglement
based sensor with low-frequency dephasing.
For the perfect QT (p = 0), we achieve the Heisenberg limit
δω
(GHZ)
n,topt,M
= e1/4/
√
cLT when we set t = T ,M = cL, and
n = 4Mγ2T 2 where c denotes a constant number. How-
ever, since the entangled state can be teleported to the original
site where the entangled state previously interacted with the
environment, correlated error may be induced due to the en-
vironmental memory effect. This could happen for n ≥ n˜en
where n˜en denotes the maximum teleportation number of the
teleportationwithout the entangled state being teleported back
to the original site. In this case, we have n˜en =
2L
M − 1. The
typical environment has a finite correlation time τc. Unless
the condition n˜enτ ≫ τc ⇔ c2Lγ2Tτc ≪ 1 is satisfied, the
error could be correlated (See the supplementary materials).
Also, to observe the quadratic decay, we need a condition of
τc ≫ t/n. This means that the correlation time should satisfy
these two conflicting conditions. So, although we observe the
Heisenberg limit scaling for a small L, the correlated error
would begin to hinder the Heisenberg limit as we increase the
size of the entangled state.
A natural question is what happens if our QT is imperfect
and so we consider that here. For short times T ≪ 1/√pγM ,
the error due to the QT is negligible, and so we obtain the
same results as in the perfect QT case by setting t = T and
n = 4Mγ2T 2. In quantum metrology, another interesting
regime that is quite often considered is the scaling law in
the limit of long T (much greater than the coherence time
of the system). We consider this here. We can minimize
the uncertainty with t
(en)
opt =
√
n/M
2γ to obtain δω
(GHZ)
n,topt =√
2e1/4
√
γ/
√
Mn
(1−p)M(n−1)
√
LT
for p > 0 and n > 1. Furthermore, with
4Mopt = −1/4 log(1− p) ≃ 1/4p and n(en)opt = 2, the uncer-
tainty can be minimized as δω
(GHZ)
opt = 2
3
4
√
e
√
pγ
LT . In this
case, the condition for the independent error (n˜enτ ≥ τc) is
written as Lp3/2/γ ≫ τc, and is satisfied for a large L.
FIG. 1: Schematic illustration of 2L qubits in a ring structure to mea-
sure globally applied fields with an uncertainty scaling as 1/T when
we use separable states. Half of the qubits contain information about
the target fields as a probe while the remaining half are used as ancil-
lary qubits for the qubit teleportation. With a controlled phase gate
and measurement feedforward operations, we can teleport a quantum
state |ψ〉 from the original site to the right neighboring site [30, 42].
After the teleportation, the measured qubit becomes the new ancilla
which we initialize into |0〉.
Scheme with separable states.– Now we explore a possibly
more practical scheme with separable states, as shown in Fig.
1. We begin by preparing a probe state of
⊗L
j=1 |+〉2j−1 lo-
cated at the site 2j−1 (j = 1, 2, · · · , L). Then we let the state
evolve for a time τ = t/n and teleport the state of the probe
qubit to the next site using the ancillary qubit. We repeat this
step (n − 1) times before we finish by allowing our state to
evolve for time τ = tn , and reading out the state by measuring
Mˆy =
∑L
j=1 σˆ
(j)
y . We repeat these steps N times during the
measurement time T whereN ≃ T/t is the repetition number.
We can calculate the sensitivity for this scheme by substituting
M = 1 in Eq. 1. For an ideal QT, by setting t = T and p = 0,
we obtain δωn,T ≃ e1/4/T
√
L for n = 4γ2T 2, and so we can
achieve 1/T scaling. For n ≥ n˜, a correlated error may be in-
duced due to the memory effect where n˜ = 2L − 1 denotes
the maximum number of teleportations without the qubit state
being teleported back to the original site. Fortunately, since
the typical environment has a finite correlation time τc, such
a correlation effect becomes negligible for a large number of
qubits to satisfy n˜τ ≫ τc ⇔ L ≫ γ2Tτc (See the supple-
mentary materials).
We now analyze how imperfect QT affects the performance
of our sensing scheme. We can calculate the sensitivity by
substituting M = 1 and p > 0 with Eq. 1. For a short time
such as T ≪ 1/√pγ, the error due to QT is negligible, and
so we obtain the same results as with perfect QT by setting
t = T and n = 4γ2T 2, which allows us to achieve uncertainty
scaling as 1/T . We can minimize the uncertainty by setting
topt =
√
n/2γ as long as T ≫ topt is satisfied. In such a
case, δωn,topt =
√
2e1/4
(1−p)n−1
√
γ√
nTL
, which for n = 1 gives
the standard Ramsey uncertainty δωR =
e1/4
√
γ√
TL
[8] where we
replace L with 2L (because the standard Ramsey scheme can
utilize every qubit to probe the target fields without ancillary
qubits). For n ≫ 1. we can treat n as a continuous variable,
and we can analytically minimize the uncertainty as δωopt ≃
2
√
e
√
pγ
LT for 1/16γ
2T 2 ≪ p ≪ 1 where we choose nopt =
−1/4 log(1− p) ≃ 1/4p. The condition required for the error
to be independent (n˜τ ≥ τc) is written as L√p/γ ≫ τc, and
is satisfied for a large L. In this case, we have a constant
factor improvement over the standard Ramsey scheme for a
longer T . In fact, as long as p < 0.0251, our scheme is better
than that standard Ramsey scheme (δωR/δωopt > 1). For
p = 10−4, we obtain δωR/δωopt ≃ 3.89, So our sensor has
an advantage with finite errors caused by the imperfect QT.
In conclusion, we have proposed a scheme designed to
achieve sensitivity beyond the classical limit and to measure
the amplitudes of globally applied fields. We have found that
frequent implementations of quantum teleportation provide a
suitable circumstance for sensing where the dephasing is sup-
pressed while the information from the target fields is contin-
uously accumulated. If perfect quantum teleportation is avail-
able, the uncertainty scales as 1/T with our scheme while any
classical sensor shows the uncertainty scaled as 1/
√
T . More-
over, even when quantum teleportation is moderately noisy,
our protocol still realizes superior quantum enhancement to
the standard Ramsey scheme. This work was supported by
JSPS KAKENHI Grant No. 15K17732 and partly supported
by MEXT KAKENHI Grant No. 15H05870. S.C.B. ac-
knowledges support from the EPSRC NQIT Hub, Project No.
EP/M013243/1.
5Supplementary materials: This is a supplementary mate-
rial of the paper titled “Quantum metrology beyond the clas-
sical limit under the effect of dephasing”.
Error model
In the main text, we consider a specific noise model with
which to calculate the sensitivity of our sensor, and we will
explain how we can derive the model from the general ex-
pression. We consider the following general Hamiltonian to
describe the dephasing.
H = HS +HI +HE
HS =
ω
2
σz ⊗ 1 E
HE = 1 S ⊗ C
(2)
HS, HI, and HE denote a system, an interaction, and an en-
vironmental Hamiltonian, respectively. As we describe in
the main text, the perturbation theory allows us to solve the
Schrodinger equation, and we obtain
ρS(τ) ≃ (1− ǫτ )UτρS(0)U †τ + ǫτ σˆzUτρS(0)U †τσz (3)
where ǫτ = λ
2C0τ
2 denotes an error rate for λ2C0(τ)
2 ≪ 1
and Uτ = e
−iωτσˆz/2 denotes a unitary operator. We could
approximate this expression by
ρS(τ) ≃ 1 + e
−2λ2C0τ2
2
UτρS(0)U
†
τ
+
1− e−2λ2C0τ2
2
σˆzUτρS(0)U
†
τσz (4)
Actually, by performing a Taylor expansion such as
e−2λ
2C0τ
2 ≃ 1 − 2λ2C0τ2 in Eq. (4), we can reproduce
Eq. (3). By defining γ2 = 2λ2C0, we obtain ρS(τ) ≃
1+e−γ
2τ2
2 UτρS(0)U
†
τ +
1−e−γ2τ2
2 σˆzUτρS(0)U
†
τσz . In the
main text, we use this expression to quantify the effect of the
dephasing during the operations in our sensing protocol. It is
worth mentioning that, strictly speaking, the form of the Eq. 4
is the same as Eq. 3 only when γτ ≪ 1. However, typical de-
phasing models [53–56] actually show the behavior described
in Eq. (4) for an even longer time if the correlation time of the
environment is much longer than the dephasing time, and this
shows the validity of our assumption.
Independent error accumulation
In our scheme, the environment interacts with teleported
states of the qubit one after another. Here, we consider the
decoherence dynamics for this case in more detail than in the
main text. Specifically, we will show that, although the en-
vironment frequently interacts with the teleported states, the
phase error on the qubit can be independent as long as a Born
approximation is valid.
For simplicity, we consider just two sites for a Hamil-
tonian of the form H = HS + HI + HE where HS =∑2
j=1
ω
2 σ
(j)
z (HE =
∑2
j=1 1
(j)
S ⊗ Cj) denotes the system
(environmental) Hamiltonian, HI =
∑2
j=1 λσ
(j)
z ⊗ Bj de-
notes an interaction between the system and the environment.
Bj and Cj denote the environmental operators. In the in-
teraction picture, we have HI(t) = λ
∑2
j=1 σ
(j)
z ⊗ B˜j(t)
where B˜j(t) = e
iHEtBje
−iHEt. The initial state is given as
ρ(0) = ρS(0) ⊗ ρS(0) ⊗ ρ(1)E ⊗ ρ(2)E . We also assume that
ρ
(j)
E is in thermal equilibrium such that [ρ
(j)
E , HE] = 0 and
our noise is non-biased such that Tr[ρ
(j)
E Bj ] = 0. We con-
sider the following case. After the environment interacts with
the system qubit at each site for a time 0 ≤ t ≤ τ , we per-
form a quantum teleportation to send the state at site 1 to site
2 (while the state at site 2 is teleported to another site), and the
environment interacts with the new state at each site for a time
τ ≤ t ≤ 2τ . To describe the interaction between the system
and environment before the quantum teleportation, we use the
Schrodinger equation
dρI(t)
dt
= −i[HI(t), ρI(t)]. (5)
By integrating this, we obtain
ρI(t) = ρ(0)− i
∫ t
0
dt′[HI(t′), ρ(0)]
− i
∫ t
0
∫ t′
0
dt′dt′′[HI(t′), [HI(t′′), ρ(t′′)]]
(6)
Since there are no interactions between site 1 and site 2, we
consider that the state at site 1 is separable from the state at
the site 2.
ρ
(j)
I (τ) ≃ ρ(j)(0)− iλ
∫ τ
0
dt′λ[σ(j)z ⊗ B˜j(t′), ρ(0)]
−λ2
∫ τ
0
∫ t′
0
dt′dt′′[σ(j)z ⊗ B˜j(t′), [σ(j)z ⊗ B˜j(t′′), ρ(0)]]
for j = 1, 2 where we use a second order perturbation ex-
pansion in λ. We use the Born approximation ρ
(j)
I (τ) ≃
ρ
(j)
S (τ)⊗ρ(j)E [49]. This means that, since the environment has
a large degree of freedom, the correlation between the system
and the environment is negligible. In fact, it is known that the
Born approximation becomes more accurate as the size of the
bath is increased [50, 51]. By tracing out the environment, we
obtain
ρ
(j)
S (τ) ≃ ρS(0)
−λ2
∫ τ
0
∫ t′
0
dt′dt′′C(j)t′−t′′
[
σˆ(j)z ,
[
σˆ(j)z , ρS(0)
]]
6for j = 1, 2 where C
(j)
t′−t′′ ≡ 12Tr[(B˜j(t′)B˜j(t′′) +
B˜j(t
′′)B˜j(t′))ρ
(j)
E ] denotes the correlation function of the en-
vironment at the site j. It is worth mentioning that the corre-
lation function does not depend on the state of the system but
depends on the properties of the environment. By perform-
ing a quantum teleportation to send the state at site 1 to site
2 (while the state at site 2 is teleported to another site), we
obtain
ρ
′(2)
S (τ) ≃ ρS(0)
−λ2
∫ τ
0
∫ t′
0
dt′dt′′C(1)t′−t′′
[
σˆ(2)z ,
[
σˆ(2)z , ρS(0)
]]
at site 2. By allowing this state to interact with the environ-
ment for a time τ ≤ t ≤ 2τ , we obtain
ρ
′(2)
I (2τ) ≃ ρ′(2)I (τ) − iλ
∫ 2τ
τ
dt′λ[σ(2)z ⊗ B˜2(t′), ρ′(2)I (τ)]
−λ2
∫ 2τ
τ
∫ t′
τ
dt′dt′′[σ(2)z ⊗ B˜2(t′), [σ(2)z ⊗ B˜2(t′′), ρ′(2)I (τ)]]
where we consider ρ
′(2)
I (τ) = ρ
′(2)
S (τ) ⊗ ρ(2)E as the initial
state. By tracing out the environment, we obtain
ρ
′(2)
S (2τ) ≃ ρ′(2)S (τ)
−λ2
∫ 2τ
τ
∫ t′
τ
dt′dt′′C(2)t′−t′′
[
σˆ(2)z ,
[
σˆ(2)z , ρ
′(2)
S (τ)
]]
where we use a Born approximation such as ρ
′(2)
I (2τ) ≃
ρ
′(2)
S (2τ) ⊗ ρ(2)E . By considering up to the second order term
of λ, we obtain
ρ
′(2)
S (2τ) ≃ ρS(0)
− λ2
∫ τ
0
∫ t′
0
dt′dt′′C(1)t′−t′′
[
σˆ(2)z ,
[
σˆ(2)z , ρS(0)
]]
− λ2
∫ 2τ
τ
∫ t′
τ
dt′dt′′C(2)t′−t′′
[
σˆ(2)z ,
[
σˆ(2)z , ρS(0)
]]
.
Since C
(2)
t′−t′′ does not depend on the absolute value of t
′ (or
t′′) but depends on the time difference t′ − t′′, we obtain
ρ
′(2)
S (2τ) ≃ ρS(0)
− λ2
∫ τ
0
∫ t′
0
dt′dt′′C(1)t′−t′′
[
σˆ(2)z ,
[
σˆ(2)z , ρS(0)
]]
− λ2
∫ τ
0
∫ t′
0
dt′dt′′C(2)t′−t′′
[
σˆ(2)z ,
[
σˆ(2)z , ρS(0)
]]
.
So the interaction between the system and the environment at
site 1 for a time 0 ≤ t ≤ τ does not induce a correlation in the
decoherence dynamics between the system and environment
at site 2. (There is no effect such as an accelerated or deac-
celerated noise accumulation of the dephasing at site 2 due to
past decoherence at site 1.) So the σˆz error caused by the en-
vironment at site 2 acts on the qubit independently of the σˆz
error caused by the environment at site 1.
Although we consider the dynamics at sites 1 and 2 above,
we can easily generalize this to n sites. By repeating the above
calculations, we obtain
ρ
′(n)
S (nτ) ≃ ρS(0)
−
n∑
j=1
λ2
∫ τ
0
∫ t′
0
dt′dt′′C(j)t′−t′′
[
σˆ(n)z ,
[
σˆ(n)z , ρS(0)
]]
(7)
at site n after n− 1 teleportation where the σˆz error accumu-
lates independently at each site, and this is consistent with the
calculations in the main text.
Effect of a finite number of the qubits
In the main text, we did not mention the case where the
qubits are teleported back to the original sites whose envi-
ronment the qubit initially interacted with. If qubits have the
chance to interact with the environment with which they pre-
viously interacted, this may induce a correlated error on the
qubit. However, we will show that we can still avoid the cor-
related error as long as there are a large number of the qubits,
which is a common assumption in the field of quantummetrol-
ogy..
For simplicity, we consider just a single site for a Hamil-
tonian of the form H = HS + HI + HE where HS =
ω
2 σz
(HE = 1 S⊗Cj) denotes the system (environmental)Hamilto-
nian, andHI = λf(t)σz ⊗Bj denotes an interaction between
the system and the environment. B and C denote environ-
mental operators. We define f(t) as follows
f(t) =


1 (0 ≤ t ≤ τ)
1 ((m− 1)τ ≤ t ≤ mτ)
0 (otherwise)
wherem denotes a natural number. This means that, after the
qubit interacts with the environment for a time (0 ≤ t ≤ τ),
the qubit is decoupled from the environment for a time τ <
t < nτ , and the qubit interacts with the same environment
again for a time mτ ≤ t ≤ (m + 1)τ . From this calculation,
we can estimate the way in which the correlated error will be
induced by multiple interactions with the same environment
in our scheme. Using a similar calculation to that used in the
previous section, we obtain
ρS(nτ) ≃ ρS(0)
−λ2
∫ mτ
0
∫ t′
0
dt′dt′′f(t′)f(t′′)Ct′−t′′ [σˆz , [σˆz , ρS(0)]]
where we solve the Schrodinger equation for a time 0 ≤ t ≤
7mτ . We obtain
ρS(mτ) − ρS(0) ≃
−λ2(
∫ τ
0
+
∫ mτ
(m−1)τ
)dt′
∫ t′
0
dt′′f(t′)f(t′′)Ct′−t′′ [σˆz, [σˆz , ρS(0)]]
= −λ2
∫ τ
0
dt′
∫ t′
0
dt′′f(t′)f(t′′)Ct′−t′′ [σˆz , [σˆz , ρS(0)]]
−λ2
∫ mτ
(m−1)τ
dt′
∫ t′
0
dt′′f(t′)f(t′′)Ct′−t′′ [σˆz , [σˆz, ρS(0)]]
= −λ2
∫ τ
0
dt′
∫ t′
0
dt′′Ct′−t′′ [σˆz , [σˆz , ρS(0)]]
−λ2
∫ mτ
(m−1)τ
dt′
∫ τ
0
dt′′Ct′−t′′ [σˆz , [σˆz, ρS(0)]]
−λ2
∫ mτ
(m−1)τ
dt′
∫ t′
(n−1)τ
dt′′Ct′−t′′ [σˆz , [σˆz, ρS(0)]]
The term λ2
∫mτ
(m−1)τ dt
′ ∫ τ
0
dt′′Ct′−t′′ [σˆz, [σˆz , ρS(0)]] repre-
sents the correlated effect of an environment that has a mem-
ory of the first interaction with the qubit when it has the
second interaction with the qubit. It is worth mentioning
that a typical environment has a finite correlation time τc
[52, 54, 57–60], and so the correlation function for a longer
time scale than the correlation time such as Ct′−t′′ ≃ 0 for
|t′ − t′′| ≫ τc has a negligible effect. This means that, if we
havemτ ≫ τc, we obtain
ρS(mτ) ≃ ρS(0)
−λ2
∫ τ
0
dt′
∫ t′
0
dt′′Ct′−t′′ [σˆz, [σˆz , ρS(0)]]
−λ2
∫ mτ
(m−1)τ
dt′
∫ t′
(m−1)τ
dt′′Ct′−t′′ [σˆz , [σˆz , ρS(0)]]
≃ ρS(0)− 2λ2
∫ τ
0
dt′
∫ t′
0
dt′′Ct′−t′′ [σˆz , [σˆz, ρS(0)]] ,
and the correlated effect of the environment becomes negli-
gible. So the decoherence acts on the qubit independently as
long as we have mτ ≫ τc. We define n˜ as the maximum
teleportation number without the qubit state being teleported
back to the original site. (For example, in the teleportation-
based scheme with a ring structure described in the main text
for separable states, we have n˜ = 2L− 1.) We can substitute
m = n˜, and the condition needed for the error to be indepen-
dent is n˜τ ≫ τc.
High frequency noise
In the main text, we consider the effect of dephasing as
decoherence. There are of course other sources of decoher-
ence that cannot be suppressed by the quantum teleporta-
tion (QT) protocol, and we consider such an effect. If our
quantum systems are affected by high-frequency noise with
a short correlation time, the decay is not quadratic in na-
ture but more exponential-like. Energy relaxation in a high
temperature environment is known to induce such noise [61].
Consider the situation in which an initial state |+〉j evolves
under the effect of both low-frequency dephasing and high-
frequency noise for a time τ . In such a case ρ
(j)
S (τ) =
1
2 (1 j+ |1〉j〈0|e−iωτ−γ
2τ2−Γτ + |0〉j〈1|eiωτ−γ2τ2−Γτ )where
Γ denotes the decay rate associated with the high-frequency
noise (Γ = 0 gives the same noise model as the one we
used previously). It is then straightforward to calculate the
uncertainty of the estimation under the effect of this noise
with imperfect QT as δωn,t =
eΓt+γ
2t2/n
(1−p)n−1
1√
TtL
. Choosing
topt =
−√nm+√nm2+4
4(γ/
√
n)
(wherem = Γ/γ), we minimize this
with respect to time as
δωn,topt =
2
√
γe
1
4+
−nm2+m
√
n(nm2+4)
8
(1 − p)n−1
√
(−nm+
√
n(nm2 + 4))LT
.
The uncertainty with n can be numerically minimized as
δωopt = minn δωn,topt . In Fig. 2, we plot δωR/δωopt ver-
sus p and Γ/γ where δωR is the uncertainty for the standard
Ramsey scheme. Our plots shows that our scheme performs
better than the standard Ramsey scheme for Γ/γ < 0.130 and
p < 0.0123 .
FIG. 2: Performance of our teleportation based scheme against the
standard Ramsey scheme. We plot δωR/δωopt against
Γ
γ
and p. Our
scheme performs better than the standard Ramsey scheme for Γ/γ <
0.130 and p < 0.0123 .
Implementation of quantum metrology beyond the classical
limit under the effect of dephasing with global control
In the scheme described in the main text, we suggest the
use of quantum teleportation to suppress dephasing. To imple-
ment this scheme, the quantum teleportation. which involves
projective measurements and feedback operations, should be
performed in a much shorter time than the correlation time
of the environment. Also, the individual controllability of the
8qubit is needed to implement quantum teleportation for ev-
ery qubit. In the state of the art technology, a gate control
with a fidelity of more than 99% has been realized for some
systems such as superconducting qubits and ion trap systems
[62–64]. Moreover, many groups aim to realize a scalable
quantum computer, and a quantum supremacy with 50 qubits
could be demonstrated in the near future [65, 66]. Such a
development of quantum technology toward the demonstra-
tion of quantum computation also supports the realization of
our teleportation-based scheme. So our scheme is within the
reach of such a future technology.
However, it is still worth discussing how to realize our
scheme with simpler technology and thus improve the prac-
ticality. In this section, we suggest an alternative scheme for
this purpose, which is useful for our separable states scheme.
Here, we use a direct interaction between the qubits. We show
that a simple modulation of the Hamiltonian can transfer the
states to suppress the dephasing where neither individual ad-
dressability nor rapid measurement is required.
FIG. 3: Schematic illustration of our SWAP-based sensing where we
arrange 2L qubits in a ring structure. Similar to the teleportation-
based scheme described in the main text, half of the qubits contain
an information of the target fields as a probe while the remaining half
are used as an ancilla qubits kept in a ground state. We assume a flip-
flop type interaction between nearest neighbor qubits. For the half
of the qubits, the frequency is fixed at ωA or ωB where ωA is well
detuned from ωB , while a frequency of the other half of the qubits is
tunable. If we set the tunable frequency as ωA or ωB , the flip-flop
interaction becomes effective, and so we can perform a SWAP gate
between the probe qubits and ancillary qubits by a time evolution
with the Hamiltonian. On the other hand, we set the tunable fre-
quency as ωC where ωC is well detuned from both ωA and ωB , the
flip-flop interaction is significantly suppressed by the detuning. In
this configuration, the modulation of the frequency can transfer the
state of the probe qubits to the clock wise direction.
The main difference from the scheme described in the main
text is that, instead of quantum teleportation, we use a SWAP
operation between the probe qubit at a site and an ancillary
qubit at the neighboring site on the right, as shown in Fig. 3.
First, we arrange qubits in a ring structure, and we prepare a
state of
⊗L
j=1 |+〉2j−1 located at site 2j−1 (j = 1, 2, · · · , L)
for probe qubits, while we prepare
⊗L
j=1 |0〉2j located at site
2j (j = 1, 2, · · · , L) for the ancillary qubits. For simplicity,
we assume that L is an even number. Second, we then let the
state evolve for a time τ = t/n and then perform a SWAP
gate between the probe qubit and the ancillary qubit at the
neighboring site on the right (we assume that our gate opera-
tions are much faster than τ ). Third, we repeat the second step
(n − 1) times while in the fourth step we allow this state to
evolve for a time τ = tn , and readout the state by measuring
Mˆy =
∑L
j=1 σˆ
(j)
y . Finally, we repeat these stepsN times dur-
ing the measurement time T where N ≃ T/t is the repetition
number.
FIG. 4: Modulation of the frequency of the qubit to implement our
SWAP-based scheme. The qubit frequency is either ωA, ωB , or ωC
where these frequencies are well detuned from each other. Also, g
denotes the coupling strength between the qubits and τ = t
n
denotes
an interaction time with the fields. Here, we assume τ ≫ 1
g
. The
modulation of the frequency with a flip-flop type interaction provides
us with a way to transfer the state of the probe qubit to the clock wise
direction as shown in the Fig. 3.
Importantly, we can implement the SWAP gate by using a
direct interaction between the qubits, and we can turn on/off
the interaction by modulating the frequency of the qubit. We
consider the following flip-flop type Hamiltonian.
H =
2L∑
j=1
ω + ωj
2
σˆ(j)z + g(σˆ
(j)
+ σˆ
(j+1)
− + σˆ
(j)
− σˆ
(j+1)
+ ) (8)
where ωj denotes the frequency of the qubit at the j th site.
9We also consider a periodic condition such as σˆ
(2L+1)
± = σˆ
(1)
± .
We set the frequency of the qubit as
ωj =


ω˜(t) j ≡ 1 (mod 4)
ωA j ≡ 2 (mod 4)
ω˜′(t) j ≡ 3 (mod 4)
ωB j ≡ 4 (mod 4)
where ω˜(t) and ω˜′(t) denote a tunable time-dependent fre-
quency, as shown in Fig. 4. In addition, we assume a large
detuning between ωA and ωB . Here, we focus on two adja-
cent qubits, and the Hamiltonian is given as
H(k,k+1) = H
(k,k+1)
0 +H
(k,k+1)
1
H
(k,k+1)
0 =
ω + ω˜k
2
σˆ(k)z +
ω + ω˜k+1
2
σˆ(k+1)z
H
(k,k+1)
1 = g(σˆ
(k)
+ σˆ
(k+1)
− + σˆ
(k)
− σˆ
(k+1)
+ ) (9)
where one of the qubits is a probe and the other qubit is an
ancilla. In an interaction picture, we have
H
(k,k+1)
I =
ω˜k − ω˜k+1
2
σˆ(1)z + g(σˆ
(k)
+ σˆ
(k+1)
− + σˆ
(k)
− σˆ
(k+1)
+ )
If we have large detuning between these two qubits such as
|ω˜k − ω˜k+1| ≫ g, we obtain
H
(k,k+1)
I ≃
ω˜k − ω˜k+1
2
σˆ(k)z (10)
where the coupling is effectively turned off. On the other
hand, if we have a resonant condition such as ω˜k = ω˜k+1
H
(k,k+1)
I = g(σˆ
(k)
+ σˆ
(k+1)
− + σˆ
(k)
− σˆ
(k+1)
+ ) (11)
In this case, the interaction is turned on, and a unitary opera-
tion U = eiH
(k,k+1) pi
2g provides us with a SWAP gate between
the probe qubit and ancillary qubit up to local operations. This
means that, if we set ω˜(t) = ωA (ω˜(t) = ωB), a probe qubit
and ancillary qubit with a frequency of ωA (ωB) start the in-
teraction under a resonant condition, while these qubits do not
interact with the other qubits with a frequency of ωB (ωA). On
the other hand, if we set ω˜(t) = ωC where |ωA − ωC | ≫ g
and |ωB−ωC | ≫ g, the qubit does not interact with any other
qubits due to the large detuning. Therefore, the simple mod-
ulation of the qubit frequency (described in Fig. 4) realizes
qubit motion in the same manner as that described in the main
text with quantum teleportation. This is much more practical
than the teleportation-based scheme, because neither individ-
ual addressability nor a rapid measurement is required for the
SWAP-based scheme.
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